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Models with higher derivatives

+: Better convergence at the classical and quantum level.

+: Wide symmetry.

�: Instability of dynamics(ghost states).

�: Interaction is usually inconsistent with the stability of dynamics.

�: Models with a degenerate mass spectrum are usually unstable.
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Goals of the study

Goals

▶ : the study of the extended Chern-Simons theory with higher
derivatives, including the model with a resonance.

▶ : to study the structure of symmetries and conservation laws of the
free theory from the stability view point;

▶ : to construct a new class of stable interactions admitting a
Hamiltonian form of dynamics with a bounded Hamiltonian;

▶ : to propose a mechanism for stabilizing dynamics in the presence of
resonance
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ECS theory of the 3rd order

Strength vector:

Aa = Aa
µ(x)dx

µ, µ = 0, 1, 2; a = 1, 2, . . . , n. (1)

Action functional:

S [A(x)] =
1

2

∫
Aa

µ(α1F
aµ + α2G

aµ + α3K
aµ)d3x .

F a
µ = εµνρ∂

νAaρ , G a
µ = εµνρ∂

νF aρ , K a
µ = εµνρ∂

νG aρ ,

(2)

α1, α2, α3 a parameters of the model;
ϵµνρ is the 3d Levi-Civita symbol with ϵ012 = 1.
Equation of motion:

δS

δAaµ
≡ α1F

a
µ + α2G

a
µ + α3K

a
µ = 0 , a = 1, . . . , n . (3)
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Symmetries and conservation laws

Series of symmetry transformations:

δξ;βA
a
µ = −εµνρξ

ρ(βa
1F

aρ + βa
2G

aρ) , a = 1, . . . , n,

δξ;βS [A(x)] = 0.

(4)

where ξµ and βa
k , a = 0, . . . , n, k = 1, 2 - parameters of transformation.

2n parametric series of conserved tensors rank 2:

Θµν(β;α) =
n∑

a=1

(βa
1Θ

a
1(α) + βa

2Θ
a
2(α)) , (5)

where

Θaµν
1(α) = α3(G

aµF aν + G aνF aµ − gµνG a
ρF

aρ)+

+α2(F
aµF aν − 1

2
gµνF a

ρF
aρ) ;

(6)
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Θaµν
2(α) = α3(G

aµG aν − 1

2
gµνG a

ρG
aρ)− α1(F

aµF aν−

−1

2
gµνF a

ρF
aρ) .

(7)

00-component:

Θ00(β;α) =
1

2

n∑
a=1

{
β2α3(G

a0G a0 + G aiG ai )+

+2β1α3(G
a0F a0 + G aiF ai ) + (β1α2 − β2α1)(F

a0F a0 + F aiF ai )
}
,

i = 1, 2.

(8)

where
C (βa;α) = −(βa

2)
2α1 + βa

2β
a
1α2 − (βa

1)
2α3 . (9)

Stability conditions:

βa
2α3 > 0, C (βa;α) > 0 , a = 1, . . . , n . (10)
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Inclusion of interaction
We assume that the dynamical �elds take values in the Lie algebra of a
semi-simple Lie group with the generators ta, a = 1, . . . , n,

Aµ = Aa
µ(x)t

adxµ , [ta, tb] = f abctc , tr(tatb) = δab . (11)

Covariant derivative:
Dµ = ∂µ + [Aµ, · ] . (12)

Covariant strength vectors:

Fµ = ϵµνρ(∂
νAρ +

1

2
[Aν ,Aρ]) (13)

Gµ = ϵµνρD
νFρ (14)

Kµ = ϵµνρD
νGρ, (15)

We seek for (non-Lagrangian) deformation of equations of motion

Tµ = α3Kµ + α2Gµ + α1Fµ + . . . (16)

that preserves gauge symmetries and gauge identities of the model.
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Equation of motion:

Tµ = α3Kµ + α2Gµ + α1Fµ−

− α3
2

2C (β;α)
ϵµνρ[β1Fν + β2Gν , β1Fρ + β2Gρ] = 0 .

(17)

Gauge identity:

DµTµ = 0 , Dµ = Dµ +
α3

C (β;α)
[β1Fµ + β2Gµ, ·] . (18)

Law of conservation:

Θµν(β;α) = tr
{
β2α3(GµGν − 1

2
gµνGρGρ) + β1α3(GµFν+

+GνFµ − gµνGρFρ) + (β1α2 − β2α1)(FµFν − 1

2
gµνFρFρ)

}
,

(19)

Stability conditions:

β2α3 > 0 , C (β;α) > 0 . (20)
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Hamiltonian formalism

Hamiltonian system:

φ̇I (x) = {φI (x),
∫
Hdy }, θA(φ

I (x),∇φI (x), . . .) = 0 ;

H = H0(φ
J(x),∇φJ(x), . . .) + λA(x)θA(φ

I (x),∇φI (x), . . .) .

(21)

Equations of evolution:

Ȧi = ∂iA0 − [A0,Ai ]− ϵijFj ; (22)

Ḟ i = ∂iF0 + [Ai ,F0]− [A0,F i ]− ϵijGj ; (23)

Ġ i = ∂iG0 +
α2

α3
ϵijGj +

α1

α3
ϵijFj + [Ai ,G0]− [A0,G i ] +

+
α3

2

C (β;α)
[β1F0 + β2G0, β1F i + β2G i ] .

(24)
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Constrains:

Θ = ϵij(α1∂iAj + α2∂iF j + α3∂iGj + [Ai ,
1

2
α1Aj + α2F j + α3Gj ]+

− α3

2C (β;α)
[β1F i + β2G i , β1F j + β2Gj ]) ≈ 0 .

(25)
Hamiltonian:

H0 =
1

2
tr
{
β2α3(G0G0 + G iG i ) + 2β1α3(G0F0 + G iF i )+

+(β1α2 − β2α1)(F0F0 + F iF i )
}
+

+tr
[ C (β;α)

β2α2 − β1α3
A0 −

β2β1α3

β2α2 − β1α3
F0 −

β2
2α3

β2α2 − β1α3
G0

]
Θ .

(26)
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Poisson brackets:

{Ga
i (x),Gb

j(y)} =
β1α2

2 − β1α1α3 − β2α2α1

α3
2C (β;α)

ϵijδ
abδ(2)(x − y) ;

(27)

{Fa
i (x),Gb

j(y)} =
β2α1 − β1α2

α3C (β;α)
ϵijδ

abδ(2)(x − y) ; (28)

{Fa
i (x),Fb

j(y)} = {Aa
i (x),Gb

j(y)} =
β1

C (β;α)
ϵijδ

abδ(2)(x−y) ;

(29)

{Aa
i (x),Fb

j(y)} =
−β2

C (β;α)
ϵijδ

abδ(2)(x − y) ; (30)

{Aa
i (x),Ab

j(y)} = 0 . (31)

Poisson bracket between constrains:

{Θa(x),Θb(y)} =
β2α2 − β1α3

C (β;α)
f abcΘc(x)δ(x − y). (32)
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Case of resonance
Action functional:

S [A(x)] = −1

2

∫
Aa

µK
aµd3x . (33)

Conservation law:

Θµν(β;α) = −β2(GµGν − 1

2
gµνGρGρ)− β1(GµFν+

+GνFµ − gµνGρFρ) .

(34)

00-component:

Θ00(β;α) = −1

2

n∑
a=1

{
β2(G

a0G a0 + G aiG ai ) + 2β1(G
a0F a0+

+G aiF ai )
}
.

(35)

Stability conditions:

βa
2 < 0, (βa

1)
2 < 0 , a = 1, . . . , n . (36)
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Change parameters:

α1 = 0 , α2 = γ2ϕ2 , α3 = γ̃2ϕ2 − 1 γ̃2 = γ2β2/β1. ,

(37)
where ϕ(x) is new dynamic scalar �eld.
Equation of motion:

Tµ = ϵµνρ

{
Dν [(γ̃2ϕ2 − 1)G + γ2ϕ2F ]ρ+

+
(γ̃2ϕ2 − 1)2

2β1
2

[β1Fν + β2Gν , β1Fρ + β2Gρ]
}
= 0 ,

(38)

T =
{
∂µ∂

µ − (m2 − γ̃2 (β1Fρ+β2Gρ)(β1Fρ+β2Gρ)
β1

2 + ϕ2
}
ϕ = 0 , (39)
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Hamiltonian:

H = tr
{ (β2W0 − β1F0)(β2W0 − β1F0)

2(γ̃2ϕ2 − 1)β2
+

+
(β2W i − β1F i )(β2W i − β1F i )

2(γ̃2ϕ2 − 1)β2
+

+
β1

2

2β2
(F0F0 + F iF i )− (A0 − β1F0 + β2W0)Θ

}
+

+
1

2
(ππ + ∂ iϕ∂ iϕ)− 1

2
m2ϕ2 +

1

4
ϕ4 ,

(40)

where π(x) = ϕ̇(x),

Wµ = (γ̃2ϕ2 − 1)Gµ + γ2ϕ2Fµ . (41)

Stability conditions:

γ̃2ϕ2 − 1 > 0 , β2 > 0 . (42)
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Poisson bracket:

{Wa
i (x),Wb

j(y)} = {Fa
i (x),Wb

j(y)} = {Aa
i (x),Fb

j(y)} = 0 ;

(43)

{Aa
i (x),Wb

j(y)} = −{Fa
i (x),Fb

j(y)} =
1

β1
ϵijδ

abδ(2)(x−y) ;

(44)

{Aa
i (x),Fb

j(y)} =
β2

β1
2
ϵijδ

abδ(2)(x − y) ; (45)

{ϕ(x), π(y)} = δ(2)(x − y) . . (46)
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Conclusion

▶ : In this presentation, an extended 3rd-order Chern Simons theory
with non-Abelian gauge symmetry is constructed.

▶ : The model admits a Hamiltonian formulation of dynamics with a
bounded Hamiltonian.

▶ : The case of resonance is considered, in which a Higgs-type
mechanism is used to stabilize the dynamics.
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