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(B) Numerical analysis
 Plots of several lowest energy levels 𝐸𝑖 𝑅 , 𝑖 = 0,1,2 … at 
different η.

(C) Analytical properties of a scaling function
 The bulk energy density 𝐹(𝑚, ℎ):

𝐹 𝑚, ℎ =
𝑚2

8𝜋
log 𝑚2 + 𝑚2𝐺(𝜉)

 We need two scaling functions 𝐺(𝜉) to describe free energy 
𝐹(𝑚, ℎ)  (for positive and negative 𝑚 ): 𝐺𝑙𝑜𝑤(𝜉)  for 𝑚 > 0  and 
𝐺ℎ𝑖𝑔ℎ(𝜉) for 𝑚 < 0. They describe the free energy in low-T and high-

T regime, respectively.
  𝐺ℎ𝑖𝑔ℎ(0) = 𝐺𝑙𝑜𝑤(0) = 0

•  The function 𝐺ℎ𝑖𝑔ℎ(𝜉) : 

  𝐺ℎ𝑖𝑔ℎ(𝜉) = 𝐺ℎ𝑖𝑔ℎ(−𝜉) . Around 𝜉 = 0:

𝐺ℎ𝑖𝑔ℎ 𝜉 = 𝐺2𝜉2 + 𝐺4𝜉4 + 𝐺6𝜉6 + ⋯
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• The function 𝐺𝑙𝑜𝑤(𝜉) : 
  𝐺𝑙𝑜𝑤(𝜉)  is not an even function. Assimptotic expansion:

𝐺𝑙𝑜𝑤 𝜉 ≈ 𝐺1𝜉 + 𝐺2𝜉2 + ⋯

𝐺𝑙𝑜𝑤 𝜉 = 𝐺1𝜉 − 𝜉2 න
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where 𝐺𝑚𝑒𝑡𝑎(𝜉) ≡ 𝐺𝑙𝑜𝑤 −𝜉 + 𝑖0  [5],[6]

Methods

The analysis is based on numerical data obtained through the 
Truncated Free Fermion Space Approach (TFFSA), which was firstly 
introduced in [1]. It is a modification of the well-known Truncated 
Conformal Space Approach (TCSA) [2,3]. This modification is designed 
specifically to treat the case of Ising Field Theory (while TCSA is 
applicable to a wide class of perturbed Conformal Field Theories 
(CFT). The Ising model free energy exhibits a singularity at the critical 
point 𝐻 = 0, 𝑇 = 𝑇𝑐 . The singularity is described in terms of the 
Euclidian quantum field theory known as the Ising Field Theory. It can 
be defined as a perturbed conformal field theory through the action

𝐴𝐼𝐹𝑇 = 𝐴(𝑐=1/2) + 𝜏 න 𝜀 𝑥 𝑑2𝑥 + ℎ න 𝜎 𝑥 𝑑2𝑥,

where 𝐴(𝑐=1/2) stands for the action of c = ½ conformal field theory of 

free massless Majorana fermions, 𝜎(𝑥) and 𝜀 𝑥  are primary fields of 
conformal dimensions 1/16 and 1/2.

Results

(A) Implemented Truncated Free Fermion Space Approach.
 The energies associated with the N-particle states, which can be 
obtained from the Neveu-Schwartz (NS) and Ramond (R) vacua by 
applying the corresponding canonical fermionic creation operators:

NS sector: ȁ𝑘1, … , ۧ𝑘𝑁 𝑁𝑆 = 𝑎𝑘1

† … 𝑎𝑘𝑁

† ȁ ۧ0 𝑁𝑆  𝑘1, … , 𝑘𝑁 ∈ Ζ + 1/2

R sector: ȁ𝑛1, … , ۧ𝑛𝑁 𝑅 = 𝑎𝑛1

† … 𝑎𝑛𝑁

† ȁ ۧ0 𝑅  𝑛1, … , 𝑛𝑁 ∈ Ζ

𝐸𝑁(𝑁𝑆) = 𝐸0 𝑁𝑆 𝑅 + 
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𝑁

𝜔𝑘𝑖
𝑅 ,

𝐸𝑁(𝑅) = 𝐸0(𝑅) 𝑅 + 

𝑖=1

𝑁

𝜔𝑛𝑖
𝑅 ,

where  𝜔𝑘 𝑅 = 𝑚2 + (2𝜋𝑘/𝑅)2;   

    𝜔𝑛 𝑅 = 𝑚2 + (2𝜋𝑛/𝑅)2,
    (with positive branch of the square root taken)
    𝐸0 𝑁𝑆 , 𝐸0(𝑅)  − ground-states eigenvalues of 

𝐻𝐼𝐹𝑇 = 𝐻𝐹𝐹 + ℎ𝑉,  𝑉 = න
𝑜

𝑅
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Conclusion and discussion

Main idea
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The project is based on the article [1] and the idea is to get more accurate results using Truncated Free Fermion Space Approach. We have 
implemented TFFSA method and got numerical results for lowest finite size energy levels 𝐸𝑖(𝑅) for some real η. We study the analytical 
properties of the scaling function associated with the 2D Ising model free energy in the critical domain 𝑇 → 𝑇𝑐, 𝐻 → 0.

Reference

We have implemented TFFSA method to study Ising model free energy in its critical domain. Using numerical analysis, we plot several lowest 
energy levels. We studied analytical properties of the scaling function and also we are doing some correction work in numerical analysis of the 
scaling function 𝐺 𝜉 .
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